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The Wasserstein Metric Matrix and Its Computational Property

Zhong-7Zhi Bai

State Key Laboratory of Mathematical Sciences
Academy of Mathematics and Systems Science
Chinese Academy of Sciences
Beijing 100190, P.R. China
Email: bzzQlsec.cc.ac.cn

Abstract

By further exploring and deeply analyzing the concrete algebraic structures and essen-
tial computational properties about the Wasserstein-1 metric matrices of one- and two-
dimensions, we show that they can be essentially expressed by the Neumann series of nilpo-
tent matrices and, therefore, the products of these matrices with a prescribed vector can
be accomplished accurately and stably in the optimal computational complexities through
solving unit bidiagonal triangular systems of linear equations. We also give appropriate gen-
eralizations of these one- and two-dimensional Wasserstein-1 metric matrices, as well as their
corresponding extensions to higher dimensions, and demonstrate the algebraic structures and
computational properties of these generalized and extended Wasserstein-1 metric matrices.



Eigenvalues Estimation of Saddle Point Matrix from the
Legalization Problem of Integrated Circuit Layout Design

Yang Cao

School of Transportation and Civil Engineering
Nantong University
Nantong 226019, P.R. China
Email: caoyangnt@ntu.edu.cn

Abstract

Converting the legalization problem of integrated circuit layout design into a linear com-
plementary problem with the system matrix being of saddle point matrix structure has many
advantages, and the efficient numerical solution algorithm of the latter is closely related to
the eigenvalues distribution of the saddle point matrix. In the case where the standard cell
has a single row height, we analyze in detail the eigenvalues estimation of the saddle point
matrix. Theoretical analysis indicates that some eigenvalues of this kind of saddle point
matrices are 1, and the remaining eigenvalues are distributed on two mutually perpendicular
line segments centered on (%, 0) in the complex plane. Moreover, we provide the exact upper
and lower bounds of both the real eigenvalues and the imaginary parts of complex eigenval-
ues. In the case where the standard cell has a mixed row height, we present the conditions
that the eigenvalues are real. For real eigenvalues, we provide their upper and lower bounds.
For complex eigenvalues, we provide the upper and lower bounds of the real part, as well as
the upper bound of the imaginary part. Finally, these theoretical results are verified through
several numerical examples.



MPST: Transformer-Based Multimodal Sleep
Staging with Prompt Learning

Yan-Mei Chen

School of Computer Science
Guangdong Polytechnic Normal University
Guangzhou 510665, P.R. China
Email: chch1980@163.com

Abstract

Sleep disorders have emerged as a critical public health issue due to their significant
impact on daily functioning and their well-established associations with both physical and
mental health conditions. Automatic sleep stage classification systems have thus become
essential tools for enabling scalable and objective sleep analysis. While deep learning models
based on single modalities — such as EEG signals or time-frequency representations—have
shown encouraging results, they often suffer from limited generalization ability and a lack
of multimodal signal diversity. To address these challenges, we propose MPST (Multimodal
Sleep Prompting Transformer), a novel architecture that effectively integrates EEG and EOG
signals for sleep stage classification. MPST is designed to overcome two primary limitations
of current multimodal approaches: (1) inadequate modeling of both global and local temporal
dependencies across modalities, and (2) loss of complementary and modality-specific infor-
mation during signal fusion. To this end, MPST introduces a dual-branch stacked framework
that preserves modality-specific features and employs prompt-based interaction modules to
enable progressive and interpretable cross-modal alignment. We evaluate MPST on the
Sleep-EDF Expanded dataset, where it consistently outperforms state-of-the-art baselines
across multiple metrics, including accuracy, sensitivity, and specificity. These results high-
light the effectiveness of our fusion strategy and the robustness of prompt-driven cross-modal
representation learning in enhancing sleep staging performance.



Irregular Tensor Singular Value Decomposition
for Single-Cell Multi-Omics Data Clustering

Lu-Bin Cui

School of Mathematics and Statistics
Henan Normal University
Xinxiang 453007, P.R. China
Email: cuilubinrx@163.com

Abstract

Single-cell multi-omics refers to the various types of biological data at the single-cell
level. These data have enabled insight and resolution to cellular phenotypes, biological
processes, and developmental stages. Current advances hold high potential for breakthroughs
by integrating multiple different omics layers. However, single-cell multi-omics data usually
have different feature dimensions and direct or indirect relationships. How to keep the
data structure of these different data and extract hidden relationships is a major challenge
for omics data integration, and effective integration models are urgently needed. In this
paper, we propose an irregular tensor decomposition model (GSTRPCA) based on tensor
robust principal component analysis (TRPCA). We developed a weighted threshold model for
the decomposition of irregular tensor data by combining low-rank and sparsity constraints,
which requires that the low-dimensional embeddings of the data remain low rank and sparse.
The major advantage of the GSTRPCA algorithm is its ability to keep the original data
structure and explore hidden related features among omics data. For GSTRPCA, we also
designed an effective algorithm that theoretically guarantees global convergence for the tensor
decomposition. The computational experiments on irregular tensor datasets demonstrate
that GSTRPCA significantly outperformed the state-of-the-art methods and hence confirm
the superiority of GSTRPCA in clustering single-cell multiomics data. To our knowledge,
this is the first tensor decomposition method for irregular tensor data to keep the data
structure and hence improve the clustering performance for single-cell multi-omics data.



The Numerical Methods for Solving the Absolute Value Equation

Xiao-Xia Guo

School of Mathematical Sciences
Ocean University of China
Qingdao 266100, P.R. China
Email: guoxiaoxia@ouc.edu.cn

Abstract

In the paper, a New Gauss-Seidel Iteration method(NGS) is presented to solve nonlin-
ear absolute value equations based on the Gauss-Seidel splitting. Furthermore, a relaxation
acceleration method based on residuals is obtained. Under appropriate conditions, the con-
vergence theories of the two methods are proposed. Finally, several numerical examples are
given to demonstrate the effectiveness of the NGS method and the relaxation acceleration
method.



On the Adaptive Deterministic Block Kaczmarz Method with
Momentum for Solving Large-Scale Consistent Linear Systems

Xue-Ping Guo

School of Mathematical Sciences
East China Normal University
Shanghai 200241, P.R. China

Email: xpguo@math.ecnu.edu.cn

Abstract

The Kaczmarz method is a traditional and widely used iterative algorithm for solving
large-scale consistent linear systems, while its improved block Kaczmarz-type methods have
received much attention and research in recent years due to their excellent numerical per-
formance. Hence, in this paper, we present a deterministic block Kaczmarz method with
momentum, which is based on Polyak’s heavy ball method and a row selection criterion
for a set of block-controlled indices defined by the Euclidean norm of the residual vector.
The proposed method does not need to compute the pseudo-inverses of a row submatrix at
each iteration and it adaptively selects and updates the set of block control indices, thus
this is different from the block Kaczmarz-type methods that are based on projection and
pre-partitioning of row indices. The theoretical analysis of the proposed method shows that
it converges linearly to the unique least-norm solutions of the consistent linear systems.
Numerical experiments demonstrate that the deterministic block Kaczmarz method with
momentum method is more efficient than the existing block Kaczmarz-type methods.

(Joint work with Long-Ze Tan, Ming-Yu Deng and Jing-Run Chen.)



Weighted Nuclear Norm Minimization-Based
Regularization Method for Image Restoration

Yu-Mei Huang

School of Mathematics and Statistics
Lanzhou University
Lanzhou 730000, P.R. China
Email: huangym@lzu.edu.cn

Abstract

Regularization methods have been substantially applied in image restoration due to the
ill-posedness of the image restoration problem. Different assumptions or priors on images
are applied in the construction of image regularization methods. In recent years, matrix low-
rank approximation has been successfully introduced in the image denoising problem and
significant denoising effects have been achieved. Low-rank matrix minimization is an NP-
hard problem and it is often replaced with the matrix’s weighted nuclear norm minimization.
The assumption that an image contains an extensive amount of self-similarity is the basis for
the construction of the matrix low-rank approximation-based image denoising method. In
this talk, we develop a model for image restoration using the sum of block matching matrices’
weighted nuclear norm to be the regularization term in the cost function. An alternating
iterative algorithm is designed to solve the proposed model and the convergence analyses of
the algorithm are also presented. Numerical experiments show that the proposed method
can recover the images much better than the existing regularization methods in terms of
both recovered quantities and visual qualities.



On Kaczmarz-Like Block Iterative Methods for Solving
Large-Scale Systems of Linear Equations

Zheng-Da Huang

School of Mathematical Sciences
Zhejiang University
Hangzhou 310058, P.R. China
Email: zdhuang@zju.edu.cn

Abstract

This report primarily reviews Kaczmarz-type block iterative methods for solving large-
scale systems of linear equations, covering both consistent and inconsistent cases, as well
as probabilistic and deterministic approaches. We also present our research on the fast
deterministic block method based on a greedy strategy [Bai & Wu, SISC, 2018, 40(1), A592-
A606] and its subsequent developments. Convergence theorems are provided for the discussed
methods, along with corresponding numerical experiments.



Some Kaczmarz-Type Methods for Solving
Linear and Nonlinear Systems of Equations

Wei-Guo Li

College of Science
China University of Petroleum
Qingdao 266580, P.R. China
Email: liwg@upc.edu.cn

Abstract

In this talk, we present our main work on Kaczmarz-type methods for solving linear and
nonlinear equations.

Firstly, we proposed several new methods with new selection probability strategies or
special projection ways for solving a consistent (inconsistent) linear system of equations
Ax = b. In this part, we focus on two new methods: one is an alternative version of the
randomized Kaczmarz method, which selects each row of the coefficient matrix A with a
probability proportional to the square of the Euclidean norm of the residual of the corre-
sponding equation; the other is a class of Kaczmarz methods based on oblique projections
onto the hyperplane, which is particularly superior to existing methods for systems where
the rows of the coefficient matrix A are nearly linearly correlated.

Secondly, a series of Kaczmarz-type numerical methods are proposed for solving the ma-
trix equation AX B = C, where the coefficient matrix A may be full rank or rank deficient.
These methods are iterative methods without matrix multiplication. Theoretically, the con-
vergences of these methods are proved. The numerical results show that these methods are
more efficient than iterative methods involving matrix multiplication for high-dimensional
matrices. Meanwhile, these methods can also be used to finding the right inverse, left in-
verse, inner inverse and Moore-Penrose generalized inverse of a matrix. These methods avoid
calculating the product of matrix and matrix and are suitable for large-scale problems.

Thirdly, a class of randomized Kaczmarz-type algorithms is derived for obtaining isolated
solutions of large scale well-posed or overdetermined nonlinear systems of equations. This
type of algorithm improves upon the classic Newton method: each iteration only requires
calculating one row (or multi-rows/multi-columns) of the Jacobian matrix instead of the en-
tire matrix, which significantly reduces the amount of computation and storage. Therefore,
these algorithms are referred to as matrix-free algorithms. Based on the different probabil-
ity selection patterns and greedy strategies for choosing rows (or columns) of the Jacobian
matrix, a series of new algorithms for nonlinear systems are proposed: the nonlinear Kacz-
marz (NK) algorithm, the nonlinear randomized Kaczmarz (NRK) algorithm, the nonlinear
uniformly randomized Kaczmarz (NURK) algorithm, the pseudoinverse-free greedy block
nonlinear Kaczmarz method, the greedy Kaczmarz method, and the double stochastic block
method.

(Joint work with Wen-Di Bao and Li-Li Xing.)

Keywords: Kaczmarz-type method, oblique projection, residual, generalized inverse,
pseudoinverse-free, nonlinear equations, greedy strategy, block method



Randomized Quaternion Generalized Singular Value
Decomposition Algorithms with Error Analysis

Si-Tao Ling

School of Mathematics
China University of Mining and Technology
Xuzhou 221116, P.R. China
Email: lingsitao2004@163.com

Abstract

In high-dimensional data processing, quaternion generalized singular value decomposition
(QGSVD) has become one of the most important solvers for advanced mathematical models.
However, there are currently less of efficient algorithms for calculating partial quaternion
generalized singular values and vectors. When dealing with a quaternion matrix pair of
substantial size, we present a stable QGSVD and two randomized algorithms cooperating
with structure-preserving and quaternion sampling strategies, and g enerate good low-rank
approximations to the original quaternion matrix pair. Explicitly, by leveraging random
sampling based on the quaternion normal distribution for the original quaternion matrix
pair, we propose both fixed-rank and adaptive randomized algorithms for QGSVD. We also
establish different kinds of error bounds for the randomized QGSVD approximation in the
theoretical analysis, and illustrate the effectiveness of the randomized QGSVD algorithms
by numerical experiments on simulation data and practical color face recognition.
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Randomized CUR Matrix Decomposition

Hao Liu

School of Mathematics
Nanjing University of Aeronautics and Astronautics
Nanjing 211106, P.R. China
Email: hliu@nuaa.edu.cn

Abstract

In this talk, we address dimensionality reduction in high-dimensional data via the CUR
matrix decomposition. We propose a randomized matrix sampling method based on a greedy
criterion. Building upon this sampling approach, we develop an iterative scheme to enhance
the approximation accuracy of the CUR decomposition, and propose a novel iterative ran-
domized CUR method. Theoretical analysis establishes an upper bound on the expected
approximation error and demonstrates exponential decay of the additive error term with in-
creasing iteration count. Numerical examples demonstrate the effectiveness of the proposed
method.

11



Multigrid Method with Greedy Partial Block Jacobi Smoother for
Solving Two-Dimensional Space-Fractional Diffusion Equations

Kang-Ya Lu

School of Applied Science
Beijing Information Science and Technology University
Beijing 100192, P.R. China
Email: lukangya@bistu.edu.cn

Abstract

Based on the block Jacobi splitting, a kind of greedy partial block Jacobi (GPBJ) iteration
method is constructed by greedily selecting the blocks with relatively large residuals and per-
forming the block Jacobi iteration on the selected blocks. Theoretical analysis demonstrates
that the GPBJ iteration is unconditionally convergent if the coefficient matrix of the lin-
ear system is H-matrix. Then combining with the alternating direction strategy, the GPBJ
smoothed multigird method is designed to solve the discrete linear system of two-dimensional
anomalous diffusion equations, where the coefficient matrix is strictly diagonally dominant.
Numerical experiments indicate that the multigrid method smoothed by the GPBJ itera-
tion can significantly reduce the computation time for solving the considered discrete linear
system.

Keywords: block Jacobi splitting, greedy partial block Jacobi iteration, multigrid method
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Theoretical and Computational Properties of
Semi-Infinite Quasi-Toeplitz M-Matrices

Jie Meng

School of Mathematical Sciences
Ocean University of China
Qingdao 266100, P.R. China
Email: mengjie@ouc.edu.cn

Abstract

A quasi-Toeplitz matrix is a semi-infinite matrix of the form A = T'(a) + E, where T'(a)
is a Toeplitz matrix with entries (T'(a)); ; = a;j—;, for a;_; € C, 4,j > 1 and E is a compact
correction. Quasi-Toeplitz M-matrices are encountered in the study of quadratic matrix
equations arising in the analysis of a 2-dimensional Quasi-Birth-Death (QBD) stochastic
process. We investigate properties of such matrices and provide conditions under which
a quasi-Toeplitz matrix is an M-matrix. We show that under a mild and easy-to-check
condition, an invertible quasi-Toeplitz M-matrix has a unique square root that is an M-
matrix possessing quasi-Toeplitz structure. The quasi-Toeplitz structure of the square root
of M-matrices provides inspirations for proving spectral properties of the quadratic matrix
polynomial L(\) = A24; + Mg + A_; having quasi-Toeplitz coefficients where A1, A_; >0
and —Ag in addition is an M-matrix. Some issues concerning the computation of square
root of quasi-Toeplitz M-matrices are discussed and numerical experiments are performed.

13



Minimizing Synchronizations in IDRstab Algorithm
for Distributed Parallel Computing

Jing Meng

School of Mathematics and Statistics
Taishan University
Taian 271000, P.R. China
Email: mengpersist56@163.com

Abstract

Scalability of the IDRstab method suffers from costly global synchronizations that arise in
inner products and normalization on massively parallel machines. In this work, an improved
parallel IDRstab method is proposed that reduces most global synchronization steps by using
the Tall-Skinny QR factorization operations and then schedules more inner products to be
calculated at one synchronization point. Some additional floating-point calculations have
to be performed, but the time consumed is insignificant compared to the one saved by the
communication. Moreover, a preconditioning parallel version of the resulting algorithm is
also proposed. Through analyzing the isoefficiency of the Par-IDRstab algorithm, it is proved
that the algorithm is superior to the IDRstab algorithm in terms of parallelism and scalability.
Simulation results show that the scalability and concurrent communication efficiency of the
algorithm are increased by 2.5 times and about 60%, respectively.

14



Greedy and Clustering-Enhanced Average Block Randomized
Kaczmarz Methods for Solving Tensor Linear Systems

Yu-Hong Ran

School of Mathematics
Northwest University
Xi’an 710127, P.R. China
Email: ranyh@nwu.edu.cn

Abstract

For solving the consistent tensor linear system based on t-product, this paper presents
two greedy randomized Kaczmarz methods and their frequency-domain versions. We first
propose a tensor greedy randomized Kaczmarz (TGRK) method. This method updates the
horizontal slice with the largest Frobenius norm in the residual tensor at each iteration, en-
abling greedy selection of the slice with the maximum information. On this basis, a tensor
greedy randomized average block Kaczmarz method based on k-means clustering (TGRABK-
kmeans) is further proposed, by performing clustering division on the tensor along the first
dimension and combining the average block strategy, in order to fully utilize structural in-
formation and accelerate convergence speed. Furthermore, this paper constructs TGRK and
TGRABK-kmeans algorithms based on Fourier transform to achieve more efficient calcula-
tions, and theoretically proves the convergence of all methods for consistent tensor linear
systems. Finally, the experimental results show that the proposed method has good conver-
gence performance and image reconstruction effect on multiple datasets, which verifies its
effectiveness.

(Joint work with Yu-Shan Ma and Jun-Gang Wang.)
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Two Variants of Cosine Distance-Driven
Accelerated Block Kaczmarz Algorithms

Xin-Hui Shao

Department of Mathematics
Northeastern University
Shenyang 110819, P.R. China

Email: shaoxinhui@mail.neu.edu.cn

Abstract

For the efficient solution of large-scale sparse linear systems, we first characterize the
geometric relationship between the current solution and candidate hyperplanes using cosine
distance. Based on this, we develop a cosine distance-driven greedy block Gaussian-Kaczmarz
(CD-GBGK) algorithm, and further extend it by introducing a relaxation factor. On this
basis, we further propose two variants of cosine distance—driven accelerated block Kaczmarz
algorithms. We incorporate a recently proposed quantile-based block selection strategy,
where the update set is dynamically determined by the quantiles of cosine distances. This
adaptive mechanism selects constraint rows with larger cosine distances, and combined with
block updates, it significantly accelerates convergence. Inspired by the idea of average-
thresholding, we also design another adaptive deterministic algorithm. In this method,
rows with cosine distances exceeding the average threshold are selected when constructing
the update set, enabling adaptive adjustment of the update size. This approach avoids
the limitations of pre-partitioned blocks and further improves the algorithm’s stability and
computational efficiency.

(Joint work with Tong-Xi Zhou.)
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An Improved SSOR-Like Preconditioner for
the Non-Hermitian-Positive Definite Linear System
with a Dominant Skew-Hermitian Part

Sheng-Zhong Song

Foundation Science Education Center
Hangzhou City University
Hangzhou 310015, P.R. China
Email: songsz@hzcu.edu.cn

Abstract

An improved SSOR-like (ISSOR-like) preconditioner is proposed for the non-Hermitian
positive definite linear system with a dominant skew-Hermitian part. The upper and lower
bounds on the real and imaginary parts of the eigenvalues of the ISSOR-like preconditioned
matrix and the convergence property of the corresponding ISSOR-like iteration method are
discussed in depth. Numerical experiments show that the ISSOR-like preconditioner ¢ an
effectively accelerate preconditioned GMRES.
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An Efficient Preconditioned Iterative Method for
Solving Discretized Fourth-Order Riesz Spatial Fractional
Reaction-Dispersion Equations with Variable Coefficients

Shi-Ping Tang

College of Mathematics and Statistics
Northwest Normal University

Lanzhou 730070, P.R. China
Email: tangshp@nwnu.edu.cn

Abstract

In this talk, we present efficient fourth-order numerical methods for solving RSFRDEs
with variable coefficients on bounded domains. We discretize the temporal derivative using
the Crank-Nicolson scheme and approximate the spatial fractional derivatives with a fourth-
order fractional centered difference operator. We analyze the stability and convergence of
the proposed schemes in the discrete L2-norm. The coefficient matrix of the discretized
linear system is a sum of a diagonal matrix and a diagonally scaled Toeplitz matrix. We
develop a scaled Toeplitz splitting (STS) iteration method, construct an STS-based polyno-
mial preconditioner, and use Krylov subspace iteration methods to solve the linear system.
We analyze the spectral distribution of the preconditioned matrix and present theoretical
convergence results. Numerical experiments demonstrate the efficiency and accuracy of the
proposed methods.
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Two Kinds of Algorithms for Solving a Class of
Nonlinear Complementary Problems

Li Wang

School of Mathematical Sciences
Nanjing Normal University
Nanjing 210023, P.R. China
Email: 05350@njnu.edu.cn

Abstract

We focus on the nonlinear complementarity problem (NCP). On the one hand, we pro-
pose a new class of NCP-functions based on a p-norm with p being any real number in the
interval (1, 4+00), and show several related properties of the proposed functions. By utilizing
new NCP-functions, we transform NCP into an unconstrained optimization problem and
propose the descent algorithm and the hybrid descent algorithm. On the other hand, we
transform NCP into a system of nonlinear equations based on the smoothing function, and
show several favorable properties of the equations. We develop the inexact regularization
Newton algorithm by solving the equations inexactly. The convergence analysis and the nu-
merical experiments of the proposed algorithms are given under some conditions. Numerical
experiments show that our algorithms are more efficient than the original algorithms.

The main work of this paper is as follows:

(1) We develop a new class of NCP-functions to propose the descent algorithm and the
hybrid descent algorithm. The convergence analysis and the numerical experiments of the
two algorithms are given. Numerical experiments show that the proposed algorithms are
more efficient.

(2) We propose the inexact regularization Newton algorithm by solving the equation inex-
actly. The convergence analysis and the numerical experiments are given, and the numerical
experiments show that the algorithm has better numerical performance.

(Joint work with Ming-Ling Kang.)

Keywords: NCP, NCP-functions, descent method, inexact regularization Newton method
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On Convergence Analysis and Efficiency Comparison
for Kaczmarz-Type Iteration Methods and
Coordinate-Descent-Type Iteration Methods

Lu Wang

School of Mathematical Sciences
Hebei Normal University
Shijiazhuang 050024, P.R. China
Email: wanglu@hebtu.edu.cn

Abstract

The Kaczmarz method is a classical while effective iteration method for solving large-scale
consistent systems of linear equations. In this talk, we firstly study the convergence properties
and numerical behaviors of some typical randomized and non-randomized Kaczmarz methods
with different probability criteria adopted for selecting the working row. We derive sharper
upper bounds for the convergence rates of some of the Kaczmarz-type iteration methods.
As for the whole suite of the Kaczmarz-type iteration methods, we reveal the comparable
relationships in terms of both mean-squared distance and mean-squared error, and show that
the experimental results nicely coincide with the theoretical results base on implementing a
large number of test examples.

Secondly, for solving the problem that the randomized Kaczmarz (RK) method can
not converge when the linear system is inconsistent, the randomized extended Kaczmarz
(REK) method are proposed. By introducing two groups of multiple iteration parameters
and repeatedly updating the iterate by several times in one iteration step of the random-
ized extended Kaczmarz method, we propose the multi-step randomized extended Kaczmarz
(MREK) method. The upper bound for its convergence rate can be improved and be smaller
than the upper bound for the convergence rate of the REK method in some special cases.
Moreover, with numerical experiments we demonstrate that the MREK method with a proper
choice of the multiple iteration parameter can show advantages than the REK method in
terms of both iteration steps and computing times.

Thirdly, the randomized coordinate descent (RCD) method is another effective and
widely-used randomized iteration method for solving inconsistent linear systems, which to-
gether with the RK method can be regarded as two special cases of the randomized multi-
plicative Schwarz method. We show the close relations between the RK method and RCD
method with respect to convergence conclusions and algorithmic improvement, finding that
the coordinate-descent-type methods can be obtained from the corresponding Kaczmarz-type
methods, including their convergence theorems, and vice versa.
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Improved Modulus-Based Matrix Splitting Iteration Methods for
a Class of Horizontal Implicit Complementarity Problems

Lu-Xin Wang

School of Information Science and Technology
Nantong University
Nantong 226019, P.R. China

Email: wangluxin@jssc.edu.cn

Abstract

Recently, the modulus-based matrix splitting (MMS) iteration method has been success-
fully extended to solve the horizontal implicit complementarity problem (HICP). However,
due to the existence of two system matrices and one nonlinear term, in addition to an equiv-
alent fixed-point equation of the HICP, a system of linear equations has to be solved at each
iteration to satisfy both the nonnegative constraint and the orthogonal constraint. This
costs very expensive. In this paper, by introducing an additional judgement criterion after
obtaining the approximate solution, a class of improved MMS (IMMS) iteration methods
are proposed. By suitably choosing the judgement criterion, the IMMS iteration methods
do not need to solve such system of linear equations at each iteration and thus greatly im-
proves the computing efficiency. Convergence conditions of the IMMS iteration methods
are studied when the system matrices are positive definite matrices and H-matrices, re-
spectively. Finally, two numerical examples are presented to show the effectiveness of the
proposed IMMS iteration methods and their advantages over the existing MMS iteration
methods when solving the HICP.

(Joint work with Yang Cao and Qin-Qin Shen.)
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A Multi-Parameter Preconditioner for Double Saddle Point
Problem Arising from Liquid Crystal Directors Modeling

Bo Wu

T School of Mathematics and Statistics
Northwestern Polytechnical University
Xi’an 710129, P.R. China
! School of Mathematics and Statistics
Ningxia University
Yinchuan 750021, P.R. China
Email: wubo@nxu.edu.cn

Abstract

This talk introduces a multi-parameter preconditioner for the double saddle point prob-
lem arising from liquid crystal directors modeling. We conduct a detailed analysis of the
eigenvalue distribution and corresponding eigenvectors for the preconditioned matrix. As
the performance of the multi-parameter preconditioner is highly dependent on parameter
selection, we also derive nearly optimal values for these parameters. Numerical experiments
demonstrate the superiority of the proposed preconditioner over several existing ones.
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A Sparse Power Method with Extrapolation
for the Higher-Order PageRank Problem

Gang Wu

School of Mathematics
China University of Mining and Technology
Xuzhou 221116, P.R. China

Email: gangwu@Qcumt.edu.cn

Abstract

Higher-order Markov chain plays an important role in high-dimensional data analysis and
modeling multi-relational problems. As an application, higher-order PageRank is a general-
ization to Google’s PageRank. For this problem, the challenge is how to solve higher-order
PageRank both rapidly and accurately. Extrapolation methods are effectively accelerating
techniques for large-scale scientific computations. As far as we know, there are no extrapo-
lation accelerated methods for higher-order PageRank problem. One reason is that the sta-
tionary distribution of the higher-order PageRank problem is a large-scale and dense dataset,
and existing extrapolation methods cannot apply to this problem directly. Sparse higher-
order PageRank generated by the sparse power method is a good alternative to higher-order
PageRank, in which the dense higher-order PageRank is approximated by using a combina-
tion of a sparse component and a rank-one component. In this work, we propose a sparse
power method with extrapolation. The idea is to run the extrapolation method on the rank-
one component and get the weighting coefficients first, and then apply the coefficients to both
the sparse component and the rank-one component simultaneously. However, the difficulty is
to show why this works theoretically. To settle this problem, we demonstrate the rationality
of our strategy, and prove that the proposed method can converge faster than the original
sparse power method. Extensive numerical experiments on both real-world and synthetic
database illustrate the efficiency of the proposed method, and show the effectiveness of our
theoretical results.
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A Novel Regularization Paradigm
for the Extreme Learning Machine

Qing-Biao Wu

School of Mathematical Sciences
Zhejiang University
Hangzhou 310027, P.R. China
Email: gbwu@zju.edu.cn

Abstract

Due to its fast training speed and powerful approximation capabilities, the extreme learn-
ing machine (ELM) has generated a lot of attention in recent years. However, the basic ELM
still has some drawbacks, such as the tendency to over-fitting and the susceptibility to noisy
data. By adding a regularization term to the basic ELM, the regularized extreme learning
machine (R-ELM) can dramatically improve its generalization and stability. In the R-ELM,
choosing an appropriate regularization parameter is critical since it can regulate the fitting
and generalization capabilities of the model. In this paper, we propose the regularized func-
tional extreme learning machine (RF- ELM), which employs the regularization functional
instead of a present regularization parameter for adaptively choosing appropriate regular-
ization parameters. The regularization functional is defined according to output weights,
and the successive approximation iterative algorithm is utilized to solve the output weights
so that we can get their values simultaneously at each iteration step. We also developed
a parallel version of RF-ELM (PRF-ELM) to deal with big data tasks. Furthermore, the
analysis of convexity and convergence ensures the validity of the model training. Finally, the
experiments on the function approximation and the UCI repository with or without noise
data demonstrate the superiority and competitiveness of our proposed models.

24



The Equivalence of the Randomized Extended Gauss-Seidel
and Randomized Extended Kaczmarz Methods

Wen-Ting Wu

School of Mathematics and Statistics
Beijing Institute of Technology
Beijing 102488, P.R. China
Email: wuwenting@bit.edu.cn

Abstract

The randomized Kaczmarz method, the randomized Gauss-Seidel method, the random-
ized extended Kaczmarz method, and the randomized extended Gauss-Seidel method are four
efficient randomized iteration methods for solving large-scale systems of linear equations.
In this talk, we point out that the randomized extended Gauss-Seidel method is actually
mathematically equivalent to the randomized extended Kaczmarz method, and we find the
intrinsic connection between the randomized-Kaczmarz-type methods and the randomized-
Gauss-Seidel-type methods. In addition, by classifying a linear system into four cases ac-
cording to its consistency and the column-rank of its coefficient matrix, we give the preferred
method among the four randomized iteration methods in each case. With these results, we
can make full use of the most appropriate randomized iteration method to solve the linear
system. What is more, we can also obtain new efficient randomized iteration methods based
on these analyses.

25



Open-Loop Nash Equilibrium for Networked
Control Systems with Asymmetric Information

Xian-Ping Wu

School of Mathematics and Statistics
Guangdong University of Technology
Guangzhou 510520, P.R. China
Email: xianpingwu@gdut.edu.cn

Abstract

This paper focuses on the open-loop Nash equilibrium for networked control systems
(NCSs) with asymmetric information. In this NCSs model, player 1 shares its observations
and historical control inputs with player 2, whereas player 2 does not disclose any of its
information to player 1. Using the maximum principle, we obtain an explicit analytical Nash
equilibrium by decoupled solving the forward and backward stochastic difference equations
(FBSDEs), while the optimal gain matrices are given by coupled Riccati equations. The
asymmetric information leads to coupled forward and backward Riccati equations, which
complicates the calculation. To address it, a forward iteration algorithm is employed to
obtain a suboptimal solution for the open-loop Nash equilibrium strategy with asymmetric
information. Numerical results illustrate that incorporating the Nash equilibrium into NCSs
can improve the system performance.
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Image Cartoon-Texture Decomposition by a Generalized
Non-Convex Low-Rank Minimization Method

Hui-Yin Yan

School of Mathematics and Statistics
Xinyang Normal University
Xinyang 464000, P.R. China

Email: yanhuiyin@xynu.edu.cn

Abstract

Image cartoon-texture decomposition is an important problem in image processing. In
recent years, by exploiting low-rank priors of images, low-rank minimization methods have
been widely adopted for image cartoon-texture decomposition. Since matrix rank minimiza-
tion is an NP-hard problem, the convex nuclear norm is often used as a substitute for the
matrix’s rank to realize the low-rank minimization methods. In this paper, we utilize a gen-
eralized non-convex surrogate of the matrix rank function to develop a novel low-rank mini-
mization model for image cartoon-texture decomposition. We design a proximal alternating
algorithm to solve the non-convex model and further demonstrate the global convergence of
the algorithm. Numerical experiments illustrate that the proposed method can show much
better performances than the existing state-of-the-art methods for image cartoon-texture
decomposition.
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Minimum Residual Shift-Splitting Iteration Method
for Non-Hermitian Positive Definite and
Positive Semidefinite Linear Systems

Ai-Li Yang

School of Mathematics and Statistics
Hainan Normal University
Haikou 571158, P.R. China

Email: yangaili@hainnu.edu.cn

Abstract

By applying the minimum residual technique to the shift-splitting (SS) iteration scheme,
we introduce a non-stationary iteration method named minimum residual SS (MRSS) iter-
ation method to solve non-Hermitian positive definite and positive semidefinite systems of
linear equations. Theoretical analyses show that the MRSS iteration method is uncondition-
ally convergent for both of the two kinds of systems of linear equations. Numerical examples
are employed to verify the feasibility and effectiveness of the MRSS iteration method.

(Joint work with Yan-Xia Dai, Kai-Hua Wang and Zheng-Cheng Zhang.)

Keywords: non-Hermitian matrix, shift-splitting, minimum residual, iteration method,
convergence
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Partial Trace Inequalities for Partial Transpose of
Positive Semidefinite Block Matrices

Jun-Jian Yang

School of Mathematics and Statistics
Hainan Normal University
Haikou 570000, P.R. China

Email: yangjunjian@hainnu.edu.cn

Abstract

Li (LAMA, 2023) recently obtained several improvements on some partial trace inequal-
ities for positive semidefinite block matrices. In this talk, we present analogous partial trace
inequalities involving partial transpose of positive semidefinite block matrix. The inequali-
ties we show could be regarded as complements of Li’s results. In addition, some new partial
trace inequalities for partial transpose of positive semidefinite block matrix are included.
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A Splitting-Based KPIK Method for
Eddy Current Optimal Control Problems

Min-Li Zeng

College of Mathematics and Finance
Putian University
Putian 351100, P.R. China
Email: zengminli@ptu.edu.cn

Abstract

This study presents an efficient computational framework for solving discretized linear
systems in eddy current optimal control problems using an all-at-once formulation. We pro-
pose a novel Splitting-based Krylov-plus-inverted-Krylov (SKPIK) method that combines
a specialized coefficient matrix splitting technique with the KPIK algorithm to achieve fast
and memory-efficient solutions. The methodology involves: (1) Reformulating the discretized
system into a structured matrix equation; (2) Applying iterative KPIK algorithms to obtain
low-rank approximations. Theoretical analysis establishes the existence of low-rank solu-
tions, while numerical experiments demonstrate the method’s superior performance in both
computational speed and storage efficiency compared to classical approaches. The SKPIK
method effectively addresses the dual challenges of system size and memory constraints in
large-scale sparse systems.
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A New Greedy Two-Dimensional Extended
Gauss-Seidel Method for Least Squares Problems

Jian-Hua Zhang

School of Science
East China University of Technology
Nanchang 330013, P.R. China
Email: zhangjh_496@163.com

Abstract

Building upon the Petrov-Galerkin framework and the recent 2-D randomized Gauss-
Seidel (D2RGS) and 2-D randomized extended Gauss-Seidel (D2REGS) methods proposed
by Mustafa and Saha for linear least-squares problems, this paper introduces a new greedy
two-dimensional Gauss-Seidel method (D2GGS). Unlike D2RGS and D2REGS, which employ
uniform random selection for the two-dimensional search subspace basis vectors and avoid
explicit pseudoinverse computation, the proposed D2GGS method utilizes a novel greedy
sampling strategy. At each iteration, D2GGS deterministically selects the two column indices
corresponding to the maximum and minimum values of a specific criterion. We further extend
this approach to handle rank-deficient and underdetermined linear systems, developing the
2-D greedy extended Gauss-Seidel (D2GEGS) method. Convergence properties for both
new methods are established. Numerical experiments demonstrate the efficiency of D2GGS
and D2GEGS. Notably, for matrices with highly coherent columns, D2GGS significantly
outperforms existing Gauss-Seidel-type methods.

(Joint work with Shu-Ling Dai and Jing Zhao.)
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Acceleration of the Modulus-Based Iteration Methods
by Geometrically Smoothed Momentum for
Solving Linear Complementarity Problems

Jian-Jun Zhang

Department of Mathematics
Shanghai University
Shanghai 200444, P.R. China
Email: zhangjj@shu.edu.cn

Abstract

In this paper, we propose to use geometrically smoothed momentum to accelerate the
convergence rate of the modulus-based matrix splitting iteration methods for solving linear
complementarity problem. Convergence of the proposed methods is proved when the system
matrix is positive-definite or H, matrix. We compare the performance of the modulus-
based methods with and without acceleration by geometrically smoothed momentum on a
practically problem. The results demonstrate that modulus-based iteration methods with
geometrically smoothed momentum acceleration converge much rapidly.
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A Modulus-Based Multigrid Method for Nonlinear
Complementarity Problems with Application to Free
Boundary Problems with Nonlinear Source Terms

Li-Li Zhang

School of Mathematics and Information Science
Henan University of Economics and Law

Zhengzhou 450046, P.R. China
Email: zhangll@lsec.cc.ac.cn

Abstract

To overcome the dependence of the convergence rate on the grid size in the existing
modulus-based method, we present a modulus-based multigrid method to efficiently solve the
nonlinear complementarity problems. In this paper, the nonlinear complementarity problems
under consideration arise from free boundary problems with nonlinear source terms. The
two-grid local Fourier analysis is given to predict the asymptotic convergence factor and
the optimal relaxation parameter of the presented modulus-based multigrid method, and
the predictions are agreement with the experimental results. Numerical results also show
that both W- and F-cycles significantly outperform the existing modulus-based method and
achieve asymptotic optimality in terms of grid-independent convergence rate and linear CPU
time when the grid is refined.
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Structural Matrix-Based Resistor Network Modeling
and RFNN Prediction of Node Potentials

Yan-Peng Zheng

School of Automation and Electrical Engineering
Linyi University
Linyi 276000, P.R. China
Email: zhengyanpeng0702@sina.com

Abstract

The accurate computation of node potentials in large-scale resistor networks is a funda-
mental problem in circuit analysis, physical simulation, and engineering design. Traditional
analytical approaches often become cumbersome and computationally expensive when deal-
ing with complex boundary conditions and nonlinear interactions. In this study, two typical
resistor network models are established based on structural matrices: the apple-surface re-
sistor network and the rectangular resistor network with arbitrary boundary conditions. For
both cases, exact analytical expressions of node potentials are rigorously derived. These
formulas are further employed to construct large-scale, noise-free datasets that cover a wide
range of network sizes, resistance ratios, and current injection points, thereby providing a
solid foundation for data-driven modeling. Furthermore, an innovative Refined Fuzzy Neu-
ral Network (RFNN) learning framework is developed. The framework employs a hybrid
architecture that integrates sequential and parallel learning strategies. Specifically, weighted
fuzzy C-means (WFCM) clustering and weighted least squares estimation (WLSE) are exe-
cuted sequentially to optimize fuzzy partitions and local regression models. This is followed
by a parallel iterative process with feedforward and feedback mechanisms, which dynam-
ically incorporates prediction errors into the refinement of cluster centers and regression
parameters, enabling deep structural adjustments of the network. This iterative learning
strategy not only significantly improves predictive accuracy but also enhances model inter-
pretability by tracing the evolutionary trajectories of cluster centers and rule parameters.
Extensive experiments on synthetic functions and multiple public UCI (University of Cali-
fornia, Irvine Machine Learning Repository) datasets demonstrate that the proposed RFNN
achieves superior generalization performance compared with various state-of-the-art regres-
sion algorithms. Finally, the model is applied to potential prediction in resistor networks
constructed via structural matrix modeling. The predicted results closely match theoretical
values, thereby validating the effectiveness of the “structural matrix modeling + data-driven
learning” paradigm for accurately approximating complex potential distributions in large-
scale resistor networks.
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A Positive Definite and Positive Stable
Splitting Iteration Method for a Class of Complex
Linear Systems with Indefinite Matrix Terms

Zhong Zheng

School of Mathematics and Statistics
Xinyang Normal University
Xinyang 464000, P.R. China
Email: zhengzh@xynu.edu.cn

Abstract

This paper addresses the solution of a broad class of complex symmetric linear systems
involving indefinite matrix terms. By reformulating the original indefinite system into an
equivalent real-valued form and applying matrix splitting techniques, we develop a posi-
tive definite and positive stable splitting iteration method. Theoretical analysis shows that
the proposed method enjoys unconditional convergence and allows for the straightforward
computation of theoretically optimal parameters. Extensive numerical experiments on rep-
resentative model problems demonstrate the efficiency of the method in comparison with
several existing approaches.

(Joint work with Jun-Lei Qin.)
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Fake News Classification Using CP Decomposition
and Graph Convolutional Network

Bing-Yin Zhou

School of Mathematical Sciences
Hebei Normal University
Shijiazhuang 050024, P.R. China
Email: byzhou@mail.hebtu.edu.cn

Abstract

With fake news becoming widespread on social media, its impact has become a major
public concern. We construct a graph representation of news articles and employ a graph
neural network for fake news classification. The proposed method utilizes local word co-
occurrence information of sentences to model the interaction relationships between sentences,
which are abstracted by the weight matrix of the graph. Accordingly, a third-order co-
occurrence tensor is built, and the weight matrix is derived through CP decomposition of
the tensor. By explicitly modeling sentence interaction patterns, the resulting representations
can capture more accurate contextual information of news articles. Experimental results on
two real-world datasets demonstrate that our method outperforms competing methods in
both binary and multiclass classification tasks.
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All Solutions of the Yang-Baxter-Like Matrix Equation
AXA = XAX with A Satisfying A* = A

Duan-Mei Zhou

College of Mathematics and Computer Science
Gannan Normal University
Ganzhou 341000, P.R. China

Email: zhouduanmei@gnnu.edu.cn

Abstract

In this paper, we construct some explicit solutions to the Yang-Baxter-like matrix equa-
tion AXA = XAX for matrices A satisfying A* = A, thereby extending previous results in
this field. By analyzing the minimal polynomial of A, we classify the problem into 11 dis-
tinct cases. Our approach leverages the Jordan decomposition of A to simplify the original
equation, reducing it to a system of matrix equations involving block-diagonal matrices with
smaller blocks. We then systematically solve these reduced equations to obtain the general
solution. Finally, we present three numerical examples to demonstrate the applicability and
effectiveness of our theoretical results.
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